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FINITENESS PROPERTIES OF NON-UNIFORM LATTICES ON
CATp0q POLYHEDRAL COMPLEXES
GIOVANNI GANDINI
Abstract. We show that the homological finiteness length of a non-uniform
lattice on a locally finite CATp0q n-dimensional polyhedral complex is less than
n. As a corollary, we obtain an upper bound for the homological finiteness
length of arithmetic groups over function fields. This gives an easier proof of
a result of Bux and Wortman that solved a long-standing conjecture.
1. introduction
The notion of a lattice in a locally compact group arises naturally in modern math-
ematics and has its roots in the study of Lie groups. A semisimple algebraic group
over a local field can be realised as a group of automorphisms of its Bruhat–Tits
building, and their lattices, called arithmetic lattices are studied since the early
70’s. Other examples are given by tree lattices, which were introduced in the be-
ginning of the 90’s by Bass and Lubotzky. Tree lattices are lattices in the isometry
group of a locally finite tree [2]. More recently, lattices in isometry groups of higher
dimensional locally finite cell complexes have appeared in literature [13, 8].
LetXn be Sn, Rn or Hn with Riemannian metrics of constant curvature 1, 0 and 1
respectively. A finite-dimensional cell complex X is a polyhedral complex if each
n-dimensional open cell is isometric to the interior of a compact convex polyhedron
in Xn and the restrictions of the attaching maps are isometries onto its open cells.
Suppose now that X is a locally finite CATp0q polyhedral complex, then its group of
cellular isometries AutpXq has a natural structure of a locally compact topological
group. We are interested in non-uniform lattices on X. We recall that a lattice on
X is a discrete subgroup Γ of AutpXq with finite covolume. Γ is said to be uniform
if Γ zAutpXq is compact.
The homological finiteness length φpGq of a group G is a generalisation of the
concepts of finite generability and finite presentability. The main result of this
paper is a bound for the homological finiteness length of certain lattices on X .
Theorem. If Γ is a non-uniform lattice on a locally finite CATp0q polyhedral com-
plex of dimension n, then φpΓq   n.
The finiteness properties of arithmetic groups have been widely investigated by
Abels, Abramenko, Behr, Bux, Serre and Wortman just to mention a few. An
upper bound for φpΓq in the case of arithmetic groups over function fields is given
in [7]. Our result provides the same bound as a corollary.
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2. Finiteness properties and CATp0q polyhedral complexes
A cohomological finiteness condition is a group-theoretical property that is satis-
fied by any group admitting a finite KpG, 1q. Since every non-trivial finite group
does not admit a finite-dimensional KpG, 1q, being torsion-free is a cohomological
finiteness condition, but not a finiteness condition in the usual group-theoretical
sense. On the other hand the property of being locally finite is a classical but not
cohomological finiteness condition. However there are finiteness conditions that
agree, for example being finitely generated, being finitely presented...
A generalisation of these properties brings us to the concepts of cohomological
conditions of finite type. More precisely, a group Γ is of type FPn if the trivial
ZΓ-module Z admits a resolution of finitely generated projective ZΓ-modules up
to dimension n. If Γ is of type FPn for every n ¥ 0, then Γ is said to be of type
FP
8
. A group is of type Fn if it admits a KpG, 1q with finite n-skeleton; and Γ is
of type F
8
if it is of type Fn for every n ¥ 0. For a group being finitely generated
is equivalent to being of type FP1. A group is finitely presented if and only if it is
of type F2. For n ¥ 2 a group is of type Fn if and only if it is finitely presented
and of type FPn. Bestvina and Brady show the existence of non-finitely presented
groups of type FP2 [3].
The homological finiteness length of Γ is defined as
φpΓq  suptm|Γ is of type FPm}.
It is worth mentioning that Abels and Tiemeyer generalise the above finiteness
conditions for discrete groups to compactness properties of locally compact groups
[1].
We begin by recalling the terminology and in doing so we follow closely [13] and [8].
Let Xn be Sn, Rn or Hn with Riemannian metrics of constant curvature 1, 0 and
1 respectively. A finite-dimensional CW-complex X is a polyhedral complex if it
satisfies the followings:
 each open cell of dimension n is isometric to the interior of a compact
convex polyhedron in Xn;
 for each cell σ of X , the restriction of the attaching map to each open σ-face
of codimension one is an isometry onto an open cell of X .
Let AutpXq be the full group of cellular isometries of X . A subgroup H ¤ AutpXq
acts admissibly on X if the set-wise stabiliser of each cell coincides with its point-
wise stabiliser.
Remark 2.1. Every subgroup G ¤ AutpXq acts admissibly on the barycentric sub-
division of X . Furthermore, if G acts admissibly on a CATp0q polyhedral complex,
then the fixed point set XG forms a subcomplex of X .
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A subgroup Γ of a locally compact topological group G with left-invariant Haar
measure µ is a lattice if:
 Γ is discrete, and
 µpΓzGq   8.
Moreover, AutpXq is locally compact whenever X is locally finite and so it makes
sense to talk about lattices on locally finite CATp0q polyhedral complexes. Let
G be a locally compact group with left-invariant Haar measure µ. Let Γ be a
discrete subgroup of G and ∆ be a G-set with compact and open stabilisers. The
∆-covolume, denoted by VolpΓ zz∆q, is defined to be
°
δPΓ z∆
1
|Γδ |
¤ 8.
Lemma 2.2 ( [2], Chapter 1). Let X be a locally finite CATp0q polyhedral complex
with vertex set V pXq. If Γ is a subgroup of G  AutpXq, then:
 Γ is discrete if and only if the stabiliser Γx is finite for each x P V pXq;
 µpΓ zGq   8 if and only if VolpΓ zzXq   8. Moreover, the Haar measure
µ can be normalised in such a way that for every discrete Γ ¤ G, µpΓ zGq 
VolpΓ zzX).
3. Homological finiteness length of non-uniform lattices on CATp0q
polyhedral complexes
The next lemma is a well-known criterion for finiteness that follows from Theorems
2.2 and 3.2 in [5].
Lemma 3.1 ([5]). Let Γ be a group that acts on an n-dimensional contractible
CW-complex with stabilisers of type F
8
. Then, Γ is of type F
8
if and only if it is
of type Fn.
Definition 3.1. The cohomological dimension of Γ over a ring R is defined as
cdR Γ  inftn | R admits an RΓ -projective resolution of length nu
 suptn | HnRΓpG;Mq  0, for someRΓ -moduleMu.
The next result, due to Kropholler, is the key ingredient in the proof of Theorem
3.3.
Theorem 3.2 (Proposition, [10]). Every group of finite rational cohomological di-
mension and of type FP
8
has a bound on the orders of its finite subgroups.
Furthermore, Kropholler in [10] shows that every HF-group of type FP
8
has a
bound on the orders of its finite subgroups.
Theorem 3.3. If Γ is a non-uniform lattice on a locally finite CATp0q polyhedral
complex of dimension n, then φpΓq   n.
Proof. Let Γ be a non-uniform lattice on a CATp0q polyhedral complex X of di-
mension n. By Lemma 2.2 µpΓ zAutpXqq 
°
σPΓ zX
1
|Γσ˜ |
, where σ  rσ˜s. Since Γ
is non-uniform, the set Γ zX is infinite and so for any n there is some σ P Γ zX such
that 1
|Γσ˜ |
 
1
n
. Therefore, there is no bound on the orders of the stabilisers (which
are finite), and so there is no bound on the orders of the finite subgroups of Γ.
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In view of Lemma 3.1 and Theorem 3.2, it only remains to argue that the rational
cohomological dimension of Γ is at most n. Since every CATp0q space is contractible
[4], Γ acts on an n-dimensional contractible CW-complex with finite stabilisers. The
augmented cellular chain complex of X is an exact sequence of the form:
à
inPIn
ZrΓin zΓs ãÑ
à
in1PIn1
ZrΓin1 zΓs Ñ    Ñ
à
i0PI0
ZrΓi0 zΓs։Z,
where Γij are finite subgroups of Γ for every 0 ¤ j ¤ n. Since Q is flat over Z and
QbZrHzΓs  QrHzΓs for any H ¤ Γ, tensoring this sequence with Q over Z leads
to the exact sequence:
à
inPIn
QrΓin zΓs ãÑ
à
in1PIn1
QrΓin1 zΓs Ñ    Ñ
à
i0PI0
QrΓi0 zΓs։Q.
Now,
À
ijPIj
QrΓij zΓs is a QΓ-projective module for every 0 ¤ j ¤ n, and so
cdQ Γ ¤ n.
Theorem 3.2 implies that Γ is not of type FP
8
. Finite groups are of type F
8
and
Lemma 3.1 completes the proof. Note that this final step can be also achieved by
applying Proposition 1 in [12]. 
Remark 3.4. Note that if a finite group acts on a locally finite CATp0q polyhedral
complex, then it is contained in the stabiliser of some cell. Now, let F be a finite
subgroup of a non-uniform lattice Γ acting admissibly on a locally finite CATp0q
polyhedral complex X . Since F acts admissibly on X , XF is contractible [4]. In
particular, X is a model for E Γ.
There are not many results that hold for all non-uniform lattices on CATp0q poly-
hedral complexes. As a first immediate application we obtain a classical result.
Corollary 3.5. If X is a tree, then every non-uniform lattice in AutpXq is not
finitely generated. More generally, a non-uniform lattice on a product of n trees is
not of type FPn.
Corollary 3.6. Every non-uniform lattice on a locally finite 2-dimensional CATp0q
polyhedral complex is not finitely presented.
Before the last corollary we need to recall some more standard nomenclature. Let
K be a global function field, and S be a finite non-empty set of pairwise inequivalent
valuations on K. Let OS ¤ K be the ring of S-integers. Denote a reductive K-
group by G. Given a valuation v of K, Kv is the completion of K with respect to v.
If L{K is a field extension, the L-rank of G, rankLG is the dimension of a maximal
L-split torus of G. The K-group G is L-isotropic if rankLG  0. As in [7], to any
K-group G, there is associated a non-negative integer kpG, Sq 
°
vPS
rankKv G.
We are now ready to state and reprove the Theorem of Bux and Wortman.
Corollary 3.7 (Theorem 1.2, [7]). Let H be a connected non-commutative abso-
lutely almost simple K-isotropic K-group. Then φpHpOSqq ¤ kpH, Sq  1.
Proof. LetH be a connected non-commutative absolutely almost simpleK-isotropic
K-group. Let H be
±
vPS
HpKvq, there is a kpH, Sq-dimensional Euclidean build-
ing X associated to H . X is a locally finite CATp0q polyhedral complex. The
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arithmetic group HpOSq becomes a lattice of H via the diagonal embedding. H is
K-isotropic if and only if HpOSq is non-uniform by [9]. An application of Theorem
3.3 completes the proof. 
Remark 3.8. Theorem 3.3 gives the upper bound on the homological finiteness
length of arithmetic groups over function fields, a historical overview can be found
in [7]. In a recent remarkable paper [6] Bux, Gramlich and Witzel showed that
φpHpOSqq  kpH, Sq  1. Calculating the homological finiteness length of non-
uniform lattices on CATp0q polyhedral complexes is an ambitious open problem.
We conclude by mentioning that Thomas and Wortman exhibit examples of non-
finitely generated non-uniform lattices on regular right-angled buildings [14]. This
shows that the upper bound of Theorem 3.3 is not sharp and in particular, that the
Theorem of Bux, Gramlich and Witzel does not hold for all non-uniform lattices
on locally finite CATp0q polyhedral complexes.
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